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Let G be a connected reductive linear algebraic group deﬁned over C with Lie algebra g.
Let (EG , E,ψ,ϕ, ϕ̂) be a stable principal Higgs G-sheaf on a compact connected Kähler
manifold. We consider all holomorphic sections of the adjoint vector bundle ad(EG ) of EG
that commute with the Higgs ﬁeld ϕ. These correspond to the inﬁnitesimal automorphisms
of the principal Higgs G-sheaf. Any element of the center of g gives such a section. We
prove that all the sections are given by the center of g.
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1. Introduction
Higgs bundles were introduced in [4] and [7]. A Hitchin–Kobayashi correspondence for Higgs bundles, which says that a
Higgs vector bundle admits a Hermitian metric satisfying a certain Hermitian Yang–Mills equation if and only if the Higgs
bundle is polystable, was established in [4] and [7].
Holomorphic vector bundles of rank n are same as holomorphic principal GL(n,C)-bundles. On the other hand, the tor-
sionfree coherent analytic sheaves are generalizations of the holomorphic vector bundles. The corresponding generalization
for principal G-bundles, where G is a connected reductive linear algebraic group deﬁned over C, has been carried out
recently (cf. [3]).
We should also mention that in [1], the Hitchin–Kobayashi correspondence for usual vector bundles was extended to
reﬂexive sheaves.
In [2], principal Higgs G-sheaves were investigated. The main result in [2] is a Hitchin–Kobayashi correspondence for
principal Higgs G-sheaves on a compact Kähler manifold.
Let G be a connected reductive linear algebraic group deﬁned over C with Lie algebra g. The center of g will be denoted
by z(g). Let (M,ω) be a compact connected Kähler manifold.
Let E := (EG , E,ψ,ϕ, ϕ̂) be a principal Higgs G-sheaf on M (its deﬁnition is recalled in Section 2). Here EG is a holomor-
phic principal G-bundle deﬁned over some open dense subset U ⊂ M such that the complement Uc is a complex analytic
subspace of complex codimension at least two, and
ϕ ∈ H0(U ,Ω1M ⊗ ad(EG)),
where ad(EG) is the adjoint vector bundle.
Let
A(E) ⊂ H0(U ,ad(EG))
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ad(EG) we have a Lie algebra structure on A(E). This Lie algebra A(E) is identiﬁed with the Lie algebra of automorphisms
of the principal Higgs G-sheaf (EG , E,ψ,ϕ, ϕ̂).
Since the adjoint action of G on g ﬁxes z(g) pointwise, each element of z(g) deﬁne a holomorphic section of ad(EG)
over U . This gives an injective homomorphism
z(g) ↪→ A(E).
We prove the following theorem (see Theorem 3.1):
Theorem 1.1. If the principal Higgs G-sheaf E := (EG , E,ψ,ϕ, ϕ̂) is stable, then the injective homomorphism
z(g) → A(E)
is surjective.
The key ingredient in the proof of Theorem 1.1 is the Hitchin–Kobayashi correspondence for principal Higgs G-sheaves.
If G is of adjoint type, then Theorem 1.1 says that
A(E) = 0
for any stable principal Higgs G-sheaf E := (EG , E,ψ,ϕ, ϕ̂). Therefore, the automorphism group of E is ﬁnite.
2. Principal Higgs sheaves
Let M be a compact connected Kähler manifold, of complex dimension d, equipped with a Kähler form ω. The adjoint of
multiplication of differential forms by ω will be denoted by Λω .
The degree of a torsionfree coherent analytic sheaf V on M is deﬁned to be
degree(V ) :=
∫
M
c1(V )ω
d−1 ∈ R.
When V = 0, it is customary to denote the number degree(V )/ rank(V ) ∈ R by μ(V ).
Deﬁnition 2.1. A Higgs sheaf on M is a pair (E, θ), where E is a torsionfree coherent analytic sheaf on M , and
θ : E → Ω1M ⊗ E
is a homomorphism of coherent analytic sheaves, such that θ ∧ θ = 0.
We note that θ ∧ θ is the composition
E θ−→ Ω1M ⊗ E Id⊗θ−−−→ Ω1M ⊗
(
Ω1M ⊗ E
) q⊗Id−−−→ Ω2M ⊗ E,
where q :Ω1M ⊗ Ω1M → Ω2M is the quotient map.
A Higgs sheaf (E, θ) is called stable (respectively, semistable) if for all coherent analytic subsheaves V ⊂ E with 0 <
rank(V ) < rank(E), and θ(V ) ⊂ Ω1M ⊗ V , the inequality
μ(V ) < μ(E)
(
respectively,μ(V )μ(E)
)
holds.
A semistable Higgs sheaf (E, θ) is called polystable if it is a direct sum of stable Higgs sheaves.
A big open subset of M is deﬁned to be a dense open subset U of M such that the complement M \ U is a complex
analytic subspace of M of complex codimension at least two.
Let V be a torsionfree coherent analytic sheaf on M . Let S ⊂ M be the locus where V is not locally free. A Hermitian
metric h on the holomorphic vector bundle V |M\S over the big open subset M \ S is said to be admissible if the curvature
tensor F of h is square integrable with Λω F bounded. (See [1].)
Let (E, θ) be a Higgs sheaf on M . An admissible Hermitian metric h on E is called a Hermitian Yang–Mills–Higgs metric if
the Hermitian Yang–Mills–Higgs equation
Λω
(
F + [θ, θ∗])= λ · IdE (1)
on M\S is satisﬁed for some constant λ ∈ C, where F is the curvature of the Chern connection for h and S is the subset of
M over which E fails to be locally free.
Let (E, θ) be a polystable Higgs sheaf on M . Then there exists an admissible Hermitian Yang–Mills–Higgs metric on (E, θ).
Furthermore, the admissible Hermitian Yang–Mills–Higgs connection is unique. (See [2, Theorem 3.1] and [2, Corollary 3.5].)
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G will be denoted by g. Let
g′ := [g,g] (2)
be the semisimple part of g. Let z(g) ⊂ g be the center of g. The projection
g → g/z(g) (3)
identiﬁes g′ with the quotient g/z(g).
A principal G-sheaf over M is a triple of the form (EG , E,ψ), where
(1) EG is a rational principal G-bundle over M , which means that EG is a holomorphic principal G-bundle over some big
open subset of M ,
(2) for any character χ of G , the holomorphic line bundle EG ×χ C over U associated to EG for χ extends to a holomorphic
line bundle over M ,
(3) E is a torsionfree coherent analytic sheaf on M , and
(4) ψ is a holomorphic isomorphism of vector bundles
ψ : EG(g
′) → E|U (4)
over a big open subset U over which EG is a holomorphic principal G-bundle and E is locally free, where EG(g′) is the
vector bundle over U associated to EG for the G-module g′ deﬁned in (2).
(See [3] for the details.)
The above open subset U is not a part of the deﬁnition of a principal G-sheaf. Given a principal G-sheaf (EG , E,ψ)
over M , let U ′ be the big open subset of M over which E is a holomorphic vector bundle. This U ′ is the unique maximal
among all possible choices of U .
Deﬁnition 2.2. A principal Higgs G-sheaf on M consists of data of the following type:
• a principal G-sheaf (EG , E,ψ) on M ,
• a holomorphic section
ϕ ∈ H0(U ,Ω1M ⊗ ad(EG))
of the adjoint bundle ad(EG) := EG(g) deﬁned on the big open subset U ⊂ M over which E is locally free, and
• a holomorphic homomorphism of coherent analytic sheaves
ϕ̂ : E → Ω1M ⊗ E
satisfying the following two conditions:
(1) the composition
E
ϕ̂−→ Ω1M ⊗ E Id⊗ϕ̂−−−→ Ω2M ⊗ E
vanishes identically, and
(2) the restriction of ϕ̂ to the big open subset U coincides, using ψ (in (4)), with the homomorphism EG(g′) → Ω1M ⊗ EG(g′)
deﬁned by α 
−→ [ϕ,α].
(See [2] for the details.)
A principal Higgs G-sheaf (EG , E,ψ,ϕ, ϕ̂) is called stable if for every triple of the form (U ′, Q , EQ ), where
• U ′ ⊂ M is a big open subset contained in the open subset of M over which E is locally free,
• Q ⊂ G is a maximal proper parabolic subgroup, and
• the subset
EQ ⊂ EG |U ′ (5)
is a holomorphic reduction of structure group of EG |U ′ to Q over U ′ such that ϕ|U ′ lies inside the image H0(U ′,Ω1M ⊗
ad(EQ )) ↪→ H0(U ′,Ω1M ⊗ ad(EG)),
the following inequality holds:
degree
(
ad(EG |U ′ )/ad(EQ )
)
> 0. (6)
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follows that ad(EQ ) also extends to M as a coherent analytic sheaf.
Fix a maximal compact subgroup
K (G) ⊂ G. (7)
If E ′G is a holomorphic principal G-bundle over a complex manifold, and E ′K (G) ⊂ E ′G is a C∞ reduction of structure group
of E ′G to K (G), then the G-bundle E ′G has a unique complex connection which is induced by a connection on E ′K (G) . This
unique connection will be called the Chern connection.
Set
Z := G/[G,G] (8)
to be the quotient group, which is a product of copies of C∗ .
Let EG be a holomorphic principal G-bundle over a big open subset U of M . Let ϕ be a Higgs ﬁeld on EG over U . Let
E Z := EG(Z) (9)
be the principal Z -bundle over U obtained by extending the structure group of EG using the quotient map G → Z in (8).
The Higgs ﬁeld on E Z over U induced by ϕ will be denoted by ϕz . This principal Higgs Z -bundle (E Z ,ϕz) actually extends
to a holomorphic principal Higgs Z -bundle over M . Indeed, this follows from the second of the four conditions in the
deﬁnition of a principal G-sheaf. Since any Higgs line bundle over M has a unique Hermitian Yang–Mills–Higgs connection,
any holomorphic principal Higgs Z -bundle over M also has a unique Hermitian Yang–Mills–Higgs connection.
Let (EG , E,ψ,ϕ, ϕ̂) be a principal Higgs G-sheaf on (M,ω). Let U ⊂ M be the big open subset over which E is locally
free. A Hermitian Yang–Mills–Higgs connection on (EG , E,ψ,ϕ, ϕ̂) is a Chern connection ∇ on the principal G-bundle EG over
U satisfying the following two conditions:
(1) the connection on the principal Higgs Z -bundle (E Z ,ϕz) (deﬁned in (9)) induced by ∇ coincides with the unique
Hermitian Yang–Mills–Higgs connection on the extension of (E Z ,ϕz) to M , and
(2) the connection on E|U induced by ∇ and ψ is an admissible Hermitian Yang–Mills–Higgs connection on the reﬂexive
Higgs sheaf (E∨∨, ϕ̂).
(See [2].)
The following theorem is proved in [2] (see [2, Theorem 4.6]):
Theorem 2.3. A stable principal Higgs G-sheaf (EG , E,ψ,ϕ, ϕ̂) over M admits a unique admissible Hermitian Yang–Mills–Higgs
connection.
3. Inﬁnitesimal automorphisms of principal Higgs sheaves
Let
E := (EG , E,ψ,ϕ, ϕ̂)
be a principal Higgs G-sheaf on M . Let U ⊂ M be the big open subset over which E is locally free. The adjoint vector bundle
of EG over U will be denoted by ad(EG). Let
A(E) ⊂ H0(U ,ad(EG)) (10)
be the complex subspace deﬁned by all sections τ such that
[ϕ,τ ] = 0.
Note that the ﬁbers of the vector bundle ad(EG) have the structure of a Lie algebra. Therefore, [ϕ,τ ] is a holomorphic
section of Ω1M ⊗ ad(EG) over U . More precisely, if the section ϕ ∈ H0(U ,Ω1M ⊗ ad(EG)) is locally of the form
∑d
i=1 ωi ⊗
Ai , where ωi are locally deﬁned holomorphic one-forms and Ai are locally deﬁned holomorphic sections of ad(EG), then∑d
i=1 ωi ⊗ [Ai, τ ] is a local expression of [ϕ,τ ].
Consider the complex of coherent analytic sheaves on U
C• : C0 = ad(EG)
∧
ϕ−−−→ Ω1M ⊗ ad(EG)
∧
ϕ−−−→ · · ·
∧
ϕ−−−→ Ω jM ⊗ ad(EG)
∧
ϕ−−−→ · · · ,
where the homomorphism∧
ϕ :Ω iM ⊗ ad(EG) → Ω i+1M ⊗ ad(EG)
is deﬁned by β 
→ [ϕ,β]. It can be shown that the 0-th hypercohomology H0(C•) coincides with the inﬁnitesimal automor-
phisms of the principal Higgs G-sheaf E . This means that H0(C•) is the Lie algebra of the group of all automorphisms of
the principal Higgs G-sheaf E . The subspace A(E) deﬁned in (10) clearly coincides with H0(C•).
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z(g) ⊂ A(E).
To see this, ﬁrst note that the adjoint action of G on g ﬁxes z(g) pointwise. Hence any v ∈ z(g) deﬁnes a holomorphic
section sv of ad(EG). Clearly,
[ϕ, sv ] = 0.
In other words, sv ∈ A(E). Consequently, we have an injective homomorphism
z(g) → A(E)
deﬁned by v 
→ sv .
Theorem 3.1. Let E := (EG , E,ψ,ϕ, ϕ̂) be a stable principal Higgs G-sheaf on M. Then
A(E) = z(g),
where A(E) is deﬁned in (10).
Proof. Let U be the big open subset of M over which E is locally free. Let ∇ be the admissible Hermitian Yang–Mills–Higgs
connection on the stable principal Higgs G-sheaf E over U (see Theorem 2.3).
Consider the reﬂexive sheaf E∨∨ over M . Let
ad(E) := E∨∨ ⊕ (M × z(g)) (11)
be the coherent analytic sheaf on M , where M × z(g) is the trivial holomorphic vector bundle over M with ﬁber z(g).
The adjoint bundle ad(EG) is a holomorphic vector bundle over the big open subset U . We note that
ad(EG) = EG(g′) ⊕
(
U × z(g)),
where EG(g′) is the associated vector bundle constructed as in (4), and U × z(g) is the trivial holomorphic vector bundle
over U with ﬁber z(g). Therefore, using the isomorphism ψ (see (4)), the vector bundle ad(EG) over U is identiﬁed with
E ⊕ (U × z(g)) = ad(E)|U , where ad(E) is constructed in (11).
Let
ι :U ↪→ M (12)
be the inclusion map. Consider the direct image ι∗ ad(EG) on M . It is easy to see that the above isomorphism ad(EG) ∼−→
ad(E)|U extends to an isomorphism
φ : ι∗ ad(EG) → ad(E) (13)
over M .
Let ∇˜ be the connection on the adjoint vector bundle ad(EG) over U given by the above Hermitian Yang–Mills–Higgs
connection ∇ on EG . The Higgs ﬁeld ϕ induces a Higgs ﬁeld on ad(E). This induced Higgs ﬁeld on ad(E) will be denoted
by ϕ′ . Note that ϕ′(α) = [ϕ,α]. The connection ∇˜ on ad(EG) is a Hermitian Yang–Mills–Higgs connection on the Higgs
sheaf (ad(E),ϕ′).
Take any
τ ∈ A(E), (14)
where A(E) is deﬁned in (10). Since ∇˜ is a Hermitian Yang–Mills–Higgs connection on the Higgs sheaf (ad(E),ϕ′), from
[2, Lemma 3.4] we know that the section τ in (14) is ﬂat with respect to the connection ∇˜ on ad(EG).
Let Ad(EG) be the adjoint bundle. We recall that
Ad(EG) := EG ×G G
is the ﬁber bundle over U associated to EG for the adjoint action of G on itself. In particular, that ﬁbers of Ad(EG) are
groups isomorphic to G . The ﬁber of Ad(EG) over a point x ∈ U will be denoted by Ad(EG)x . For any point x ∈ U , the group
Ad(EG)x coincides with the group of all automorphisms of the ﬁber (EG)x that commute with the action of G on (EG)x .
Also, the Lie algebra of Ad(EG)x is the ﬁber ad(EG)x of the adjoint vector bundle.
Fix a point
x0 ∈ U .
Let Ad(EG)x0 be the ﬁber of Ad(EG) over x0. Let
H ⊂ Ad(EG)x0 (15)
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translations, with respect to the connection ∇ on EG , along all piecewise smooth closed paths in U based at x0. Since the
section τ is ﬂat with respect to the induced connection ∇˜ on ad(EG), it follows that the adjoint action of the subgroup
H ⊂ Ad(EG)x0 on the Lie algebra ad(EG)x0 ﬁxes the point
τ (x0) ∈ ad(EG)x0 .
Let
H ⊂ Ad(EG)x0 (16)
be the centralizer of τ (x0). Therefore, we have
H ⊂ H. (17)
Note that [ϕ(x0), τ (x0)] = 0 because τ ∈ A(E). Consequently,
ϕ(x0) ∈
(
Ω1M
)
x0
⊗ Lie(H) ⊂ (Ω1M ⊗ ad(EG))x0 , (18)
where Lie(H) is the Lie algebra of H, and (Ω1M)x0 is the ﬁber over x0 of the vector bundle Ω1M .
For each point x ∈ U , the Lie algebra ad(EG)x is identiﬁed with the Lie algebra g of G up to an inner automorphism. This
implies that there is a canonical bijection between the conjugacy classes in ad(EG)x and the conjugacy classes in g. Recall
that the section τ is ﬂat with respect to the connection ∇˜ on ad(EG). Therefore, the conjugacy class in g deﬁned by the
element τ (x) ∈ ad(EG)x is independent of the point x. Consequently, we have a subbundle
Ĥ ⊂ Ad(EG) (19)
over U whose ﬁber over any point x is the centralizer of τ (x). For each point x ∈ U , let
Ĥx := Ĥ ∩ Ad(EG)x ⊂ Ad(EG)x (20)
be the ﬁber over x. Note that H constructed in (16) coincides with Ĥx0 .
For each point x ∈ U , the group Ad(EG)x is identiﬁed with G up to an inner automorphism. Since the conjugacy class
in g deﬁned by τ (x) is independent of the point x, we conclude that the conjugacy class of subgroups of G deﬁned by the
subgroup Ĥx in (20) is independent of x.
The center of the Lie algebra ad(EG)x0 is canonically identiﬁed with z(g) (this follows from the fact that adjoint action
of G on g ﬁxes z(g) pointwise). If the adjoint action of a subgroup G1 of Ad(EG)x0 ﬁxes an element in the complement
ad(EG)x0 \ z(g), then G1 is contained in some proper parabolic subgroup of Ad(EG)x0 (see [6, Proposition 2.1] for a proof).
Assume that
τ (x0) /∈ z(g). (21)
Since the adjoint action of H on ad(EG)x0 ﬁxes τ (x0) (see (16)), using the above assertion we know that H is contained in
some maximal proper parabolic subgroup of Ad(EG)x0 . Let
H ⊂ P0 ⊂ Ad(EG)x0 (22)
be a maximal proper parabolic subgroup of Ad(EG)x0 containing H.
Fix a maximal proper parabolic subgroup
P ⊂ G (23)
in the conjugacy class of parabolic subgroups of G given by P0. We will construct a natural holomorphic reduction of
structure group of EG to this parabolic subgroup P .
To construct the reduction of structure group, ﬁrst recall that Ad(EG) is a quotient space of EG × G . Two points (y1, g1)
and (y2, g2) of EG × G are identiﬁed in Ad(EG) if and only if there is an element g ∈ G such that
(y2, g2) =
(
y1g, g
−1g1g
)
.
Let
γ : EG × G → Ad(EG)
be the quotient map. Let
Yx0 ⊂ (EG)x0 (24)
be the complex submanifold consisting of all y such that γ (y, P ) = P0, where P0 is the subgroup in (22) and P is the
subgroup in (23).
The normalizer of P in G is P itself [5, p. 143, Corollary B]. Using this it can be shown that for the action of G on (EG)x0 ,
the subgroup P preserves Yx0 constructed in (24), and furthermore, P acts transitive on Yx0 .
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be the natural projection. Let
Y ⊂ EG (25)
be the submanifold consisting of y such that for any piecewise smooth path δ connected f (y) to x0, the element in (EG)x0
obtained by taking the parallel translation of y along δ, for the connection ∇ on EG , lies inside the subset Yx0 constructed
in (24). In other words, Y is the parallel translation of Yx0 along all piecewise smooth paths in U emanating from the point
x0.
From (17) and (22) we know that P0 contains the holonomy group H . Therefore, if an element y ∈ EG has the property
that for some piecewise smooth path δ connected f (y) to x0, the element in (EG)x0 obtained by taking the parallel trans-
lation of y along δ, for the connection ∇ on EG , lies inside Yx0 , then for all piecewise smooth path δ′ connected f (y) to
x0, the element in (EG)x0 obtained by taking the parallel translation of y along δ
′ lies inside Yx0 . To prove this just note
that the element in Ad(EG)x0 deﬁned by the automorphism of (EG)x0 obtained by taking parallel translation along the loop
δ′ ◦ δ−1 actually lies inside the subgroup P0.
It is now easy to see that Y in (25) is a smooth reduction of structure group of EG to the subgroup P ⊂ G in (23). In fact,
this follows from the fact that the action of P on (EG)x0 preserves Yx0 in (24) with the action of P on Yx0 being transitive.
Let
E P := Y ⊂ EG (26)
be the reduction of structure group to P . From the construction of E P it follows immediately that E P is preserved by the
connection ∇ on EG . In other words, ∇ induces a connection on the principal P -bundle E P . Since E P is preserved by ∇ ,
and P is a complex Lie subgroup of G , it follows that E P is in fact a holomorphic reduction of structure group.
Let Ad(E P ) := E P ×P P be the adjoint bundle of the principal P -bundle E P over U . So
Ad(E P ) ⊂ Ad(EG).
More precisely, Ad(E P ) is a subbundle of the ﬁber bundle Ad(EG), and for each point x ∈ U , the ﬁber Ad(E P )x is a subgroup
of Ad(EG)x .
From the construction of E P it follows that
Ĥ ⊂ Ad(E P ) ⊂ Ad(EG), (27)
where Ĥ is constructed in (19). Note that both the subbundles Ad(E P ) and Ĥ of the ﬁber bundle Ad(EG) are preserved by
the connection on Ad(EG) induced by the connection ∇ on EG . Hence (27) follows from the fact that
Ĥx0 = H ⊂ Ad(E P )x0 = P0
(see (22)). We also know that
ϕ(x) ∈ (Ω1M)x0 ⊗ Lie(Ĥx) ⊂ (Ω1M ⊗ ad(EG))x
for all x ∈ U , where Lie(Ĥx) is the Lie algebra of Ĥx (see (18); in (18), the point x0 can be taken to be an arbitrary one).
Therefore, we have
ϕ ∈ H0(U ,Ω1M ⊗ ad(E P ))⊂ H0(U ,Ω1M ⊗ ad(EG)). (28)
We noted earlier that the connection ∇˜ on ad(EG) induced by ∇ is a Hermitian Yang–Mills–Higgs connection on the
Higgs sheaf (ad(E),ϕ′). Since the reduction of structure group E P in (26) is preserved by ∇ , the connection ∇˜ on ad(EG)
preserves the subbundle ad(E P ). Also, from (28) it follows that the Higgs ﬁeld ϕ′ on ad(EG) deﬁnes a Higgs ﬁeld on the
subbundle ad(E P ) ⊂ ad(EG). Consequently,
• the direct image ι∗ ad(E P ) (see (12)) is a reﬂexive coherent analytic sheaf on M ,
• the Higgs ﬁeld ϕ′ deﬁnes a Higgs ﬁeld ϕ′′ on ι∗ ad(E P ), and
• the connection on ad(E P ) given by ∇˜ is a Hermitian Yang–Mills–Higgs connection on the Higgs sheaf (ι∗ ad(E P ),ϕ′′).
The connection on ad(E P ) given by ∇˜ will be denoted by ∇ P . Let
F
(∇ P ) ∈ C∞(U ;Ω1,1M (ad(E P ))) (29)
be the curvature of the connection ∇ P .
The curvature F (∇˜) of the connection ∇˜ satisﬁes the Hermitian Yang–Mills–Higgs equation
Λω
(
F (∇˜) + [ϕ′, (ϕ′)∗])= λ · Idad(EG ), (30)
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Since the group G is reductive, the G-module g is isomorphic to its dual g∗ . Therefore, we have
ad(EG)
∨ = ad(EG).
Now taking the trace of both sides of the equation in (30) and then integrating over U we conclude that
λ = 0.
Therefore, the connection ∇ P on ad(E P ) satisﬁes the identity
Λω
(
F
(∇ P )+ [ϕ′′, (ϕ′′)∗])= 0 (31)
(see (29)), where ϕ′′ as before is the Higgs ﬁeld on ad(E P ) deﬁned by ϕ′ .
From (31) it follows that
degree
(
ad(E P )
)= 0.
Since degree(ad(EG)) = 0, we now have
degree
(
ad(EG)/ad(E P )
)= 0. (32)
In view of (32), the reduction of structure group E P in (26) contradicts the fact that the principal Higgs G-sheaf
(EG , E,ψ,ϕ, ϕ̂) is stable (see (6)). Therefore, the hypothesis in (21) is false. This completes the proof of the theorem. 
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